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In [2], Kottman and Lin exhibited a collection of decompositions of a 
Banach space X which depended on best approximations to closed convex 
sets. In this short paper, it will be shown that the decompositions in [2] will 
hold if the best approximations are taken from weakly closed suns. Noting 
that the class of weakly closed suns properly contains the closed convex sets, 
this extends the work in [2]. The methodology of the paper is to augment the 
proofs in [2] or to appeal to the results in [2] wherever possible. 
The paper contains the following notations and definitions. X is a real 
Banach space. If A is a subset of X and x E X, the distance between A and x 
is defined to be d(x, A) = inf,,, I/ x - y Ij . If x $ A, then P,(x), the set of 
nearest points (or best approximations) to x in A, is defined to be 
PA(x) = {y E A: /I x - y jj = d(x, A)}. A functional f~ X* (the space of all 
continuous linear functionals on X) supports A if there is a point CC,, E A 
such that f(q) = ~up,,~f(~). Th e om x0 is called a support point of A. p ’ t 
If x is a support point of A, A, is to denote {f~ X*: llfjl = 1 andfsupports A 
at x}. The set E(x) is to denote {f~ X*: llfll = 1 and f(x) = 11 x I/ .> A 
nonempty subset A of X is called a sun if for each z, E PA(u) and each t > 0, 
z, E PA(u + t(u - v)). A subset of X is linearly bounded if it meets each line 
in X in a bounded set. 
The fact that every convex set of X is a sun and the nontrivial fact that 
every sun is a Kolmogorov set is used (see [I]). Recall that A is a Kolmogorov 
set if the Kolmogorov criterion holds, that is, for all x E X and q, E P,(x), 
it is necessary that 
min 
x*eE(s+u,) 
%*(a - q)) < 0 
hold for all z, in A. 
1. Property D(a, 9) 
An attempt was made to keep the terminology consistent with [2], when 
additions to the theory were made. 
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DEFINITION 1. [2]. Let Y be a family of subsets of a Banach space X. 
For a real number, 01, one says X possesses property D(a, 9”) if for each A E Y 
and each x E X there is a point ?I E X such that x E u + aPA( (Use the 
convention that u + o = ia). 
In [2] subsets of the class PO (the family of all nonempty closed convex 
subsets of X) was discussed. In this paper, the class YO will be enlarged to 
include the family of all nonempty weakly closed suns. This class will be 
denoted by q, . The classes under study in this paper can now be defined: 
or = all linearly bounded sets in u,,; 
o2 = all bounded sets in uO; 
0s = all linear subspaces of q, . 
The following theorem in [2] is easily seen to hold for the expanded 
class uO . 
THEOREM 1. Let 01 be a real number such that OL > - 1. Then the following 
are equivalent: 
(a) X is rejlexive; 
(b) X possesses D(a, q,); 
(c) X possesses D(ci, al); 
(d) X possesses D(u, aJ; 
(e) X possesses D(a, us). 
Proof. The proof follows from the fact that X is reflexive if and only if 
every weakly closed sun has a best approximation and an appeal to the proof 
of Theorem 1 in [2]. Q.E.D. 
In the case when (Y = -1, [2] noted that no Banach space has D(-1, Y) 
unless Y C Yr . This holds true when suns are under consideration as well. 
PROPOSITION 1. No Banach space has property D( - 1, P’) unless 9 C u1 . 
Proof. Since A is not linearly bounded, then A contains a ray say 
(x + ty: t 3 0} where y # 0. It suffices to showy $ u - PA(u) for any u in X. 
If this were not the case, then there exists u,, in X such that y = u,, - PA(uO). 
Since A is a sun, u - y E PA((u - y) + t(u - (u - y)). Hence, 
u - y E PA(u - y + ty). In particular 
II u - Y + tr - (u - r>ll = t llg II = 4~ - Y + tr, 4 for all t. 
But x + ty E A and 
II u - y + tr - (x + tr)ll = II 24 - y - x II < t llg II 
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for all t > jj II - y - x /j/‘/i y jj . This contradicts ,4 being a sun. Hence 
y = 0 and Y must be linearly bounded. Q.E.D. 
The following lemma stated as Lemma 1 in [2] can also be extended to 
subsets of a0 . 
LEMMA 1. X possesses D( - 1, Y) if and only if for each A E Y and each 
x E X (x # 0) there is an f~ E(x) which supports A. 
Proof. Suppose X possesses D( - 1, 9’). Given x E X, A E 9, then there 
exists u E X such that x = u - PA(u). A is a sun, hence a Kolmogorov set. 
Thus 
Hence 
xr$x, x*(a) - x*(24 - x) < 0 forallaEA. 
Since E(x) is weak * compact, the minimum is attained and there exists an 
w* E E(x) which supports A. 
The converse follows from the proof in [2]. Q.E.D. 
Since A E q, is a weakly closed sun and hence A E ~a is weakly compact, 
one can show that Theorem 2 [2] holds in the larger class aa with a verbatim 
proof. 
THEOREM 2. X is reflexive if and only if X possesses D(- 1, uJ. 
A necessary and sufficient condition that y E PA(x) when A is a convex 
closed set is that E(x - y) n A, # o . Thz proof follows from a separation 
theorem for convex sets. Further it is known that if A is a convex set then 
y E PA(x) if and only if 
The largest class of sets for which this Kolmogorov criterion is a necessary 
and sufficient condition for y to be in PA(x) is the class of suns. In [2] a far 
point was defined using an analog of the first necessary and sufficient condi- 
tion in this paragraph. It is to our advantage to state the definition of a far 
point, using the Kolmogorov condition as a basis for it. A simple computation 
will show that the definition of a far point in [2] and in this paper coincide. 
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DEFINITION 2. Let A be a nonempty weakly closed sun in X. A point y 
in A is a far point in A from x if 
max ~*(a - y) 2 0 for all a E A. 
x*eE(x-y) 
We write y EFA(x). 
If one can show that some obvious remarks concerning near points and far 
points with respect to convex sets hold as well in the current framework of 
suns, then most of the remaining work of [2] can be extended by appealing 
to the proofs in [2] verbatim. 
LEMMA 2. Let A be a weakly closed sun in X. Let x E X. 
(i) y EFA(x), z E {tx + (1 - t) y: t < 0} implies y E PA(z). 
(ii) x $ A, y E PA(x), z E (tx + (1 - t) y: t < 01 implies y EF,&). 
(iii) SUP,,~ 11 x - a 11 = /I x - y 11 implies y EFA(x). 
Proof. (i) Since A is a sun it is sufficient to show 
min x*(u - y) < 0 for all a E A. 
X*EE(z--y) 
One sees that E(z - y) = -E(x - y) by noting z - y = t(x - y) with 
t < 0. But y EF~(x) implies 
max x*(u - y) < 0 forallaEA. 
s*~E(.v-Y) 
Hence 
x*Egpy) x*ca -Y) G 0 for all a E A and y E PA(z). 
(ii) Since A is a sun, it is necessary that the Kolmogorov criterion holds, 
But then an argument similar to that in (i) yields the proof. 
(iii) Sup,,, 11 x - z I[ = 11 x - y II insures 
max 
x*eE(x-y) 
x*(u - y) < 0 
since X*(X - a) ,< x*(x - y), a E A when x* E E(x - y)). Hence 
x*(u - y) > 0 for all x* E E(x - y). Thus a farthest point from A is also a 
far point from A. 
The proofs of the following theorem and corollaries now can be read 
verbatim from [2]. (See [2, Theorem 41.) 
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THEOREM 3. Let .Y be a fan+) of weakly closed suns in X and 01 a real 
number, oi < - 1. Then Xpossesses D(E, 9) if and on& iffor each A E ,Y and 
each x 6 A there is a far point in A from x. 
COROLLARY 1. If 01 is a real number with cx < - I then X is reflexive if and 
only if X possesses D(ol, u3). 
COROLLARY 2. If 01 < - I, then X possesses D(a, u4) where aa is the family 
of all nonempty norm compact suns of X. 
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